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ABSTRACT

This work focuses on the symmetric alpha stable processes with continuous time frequently used
in modeling the signal with indefinitely growing variance when the spectral measure is mixed:
sum of a continuous meseare and discrete measure. The objective of this paper is to estimate the
spectral density of the continuous part from discrete observations of the signal. For that, we
propose a method based on a sample of the signal at a periodic instant. The Jackson
polynomial kernel is used for construct a periodogram. We smooth this periodogram by two
spectral windows taking into account the width of the interval where the spectral density is non-
zero. This technique allows to circumvent the phenomenon of aliasing often encountered in the
estimation from the discrete observations of a process with a continuous time.
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1. INTRODUCTION

Stable alpha processes have been of interest to several research authors for their multiple
applications when we have random signals with variance indefinitely increase. The harmonizable
process is an important example of a symmetric & -stable process, and its proprieties have been
considered by numerous authors like [1]-[10] to name a few.

In particular, stable symmetric processes find their place in various applications and in various
fields such as: physics, biology, electronics and electricity, hydrology, economies,
communications and radar applications, ...ect. See: [11]-[22]. This work considers a symmetric

alpha stable harmonizable processx :{X(t):tER}. Alternatively X has the integral
representation:

X (t) = [exp[it)]d£(4) (1)

where 1< <2 gng ¢ is a complex valued symmetric & -stable random measure on R with

independent and isotropic increments. The measure defined by m(A) = S(A) 2 (see [4]) is
called "control" measure or spectral measure.” The spectral density function was already
estimated in different cases: by E.Masry and S.Combanis [4] when the time of the process is
continuous, by Sabre [23] when the time of the process is discrete and by R. Sabre [24]-[25]
when the time of the process is p-adic.
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This work considers a general case where we suppose that the spectral measure is the sum of an
absolutely continuous measure with respect to Lebesgue measure and a discrete measure:

du(2) = p()dx+ Y,

where O is a Dirac measure, ¢ is nonnegative integrable and bounded function. Ci s an

unknown positive real number and Wi is an unknown real number. Assume that Vi * O. The

function ¢ is called the spectral density. Discrete measure is due to random repeated value jumps

during experimental measurements. The spectral density ¢ represents the distribution of the
energy carried by the signal.

Our goal is to establish a non-parametric estimate of the spectral density ¢ from discrete
observations of X (t). This is motived by the fact that, in practice, it is not obvious to observe

the process on continuous interval of time. Indeed, we sampled the process at instants b, , equally

t =

distant, i.e., ™ nr’ >0, It is known that aliasing of ¢ occurs. For more details about

aliasing phenomenon, see [26]. To avoid this difficulty, we suppose that the spectral density ¢ is
vanishing for | 41> € where €2 is a nonnegative real number. From some smoothing, we

construct an estimate depending on €2 and we show that it is asymptotically unbiased and
consistent.

Briefly, we indicate the organisation of this paper: the outline in this paper is as follows: we
present in the second section two technical lemmas, the preiodogram and show that this
periodogram is asymptotically unbiased estimated but not consistent. In the third section, we
smooth this periodogram by two chosen spectral windows to estimate the spectral density at jump
points. We show that the smoothing periodogram is a consistent estimator.

2. THE PERIODOGRAM AND ITS PROPRIETIES
First, we introduce some basic notations and properties of the Jackson's polynomial kernel. Let
N is the size of sample of X . Let K and N are the numbers satisfying:

N-1=2k(n-1)  with neN keNu{%} k=1

it 2 then N=2Mm-lLneN

Ho ()" =[AH™ @)

The Jackson's polynomial kernel is defined by: where
2k 2k
1 sin nt 1 or sin nt
HM (1) = — with g, =] /21 dA.
%n| sinZ 2777 gin 2
2 2
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= =["[H™ )" da.
where A = <aN> with Ben =1, (A)|

We give the following lemmas which are used in the rest of this paper. Their proof are given in
[23].

Lemma 2.1 There is a non negative function h such as:

HM (1) = k(nf) h (mjcos(mﬂ)
“Un

m=-k(n-1)
. nﬂ, 2ka
L |sin—- .
Bv= | ﬁ di and 3., =[" [uf|H, )" du,
sin =
Lemma 2.2 Let 2

where

7 €10.2), then

.4
drka  oxua it i<a<2
2ka -1
And
ke 1 . 1 y+1
2k 2ka-1 if o <a<
] 27 (y —2ka +1) N7 2k 2k
Na — 7+2ka
2kar 1 it r+l <y <?

2% (y 4 1)2ka —y —1) n”

In this section, we give a periodogram and we develop its proprieties. Assume that the process

_2r
T=—

X (1), defined in (1), is observed at instants 4 JT 1=1,2,.N and @ where @ isa

real number strictly greater than 22, We define the perlodogram Iy on 1-Q.Q[ as follows:
. B 0 a
IN(ﬁ“)_Cp,(z'IN(ﬂ“)'! 0< p<E

where

n =k(n-1)

I (1) = [z'] A, Re[ Z h [n]exp{—l(nd)}X(nr+k(n 7)),

n =-k(n-1)
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D

— p

C a ~ la
R S (o

. C,. . . .
and the normalisation constant "¢ is given by , with

1—cos(u) e 1-gf
D, = I“’Wd and pra‘Lo ™ du

Lemma 2.3

I (A) Eexp[irIN(ﬂ)],

The  characteristic ~ function  of converges  to

exp=C,, T [* WD) +¥ (D] ore

@ =1 =) o Loy )= Y -

and

Proof

By substituting (1) in the expression of hy , We have:
n =k(n-1)
I, (2) = [T]a ARe[ > h [ . ]exp{u[n r(A—u)]jexp {ifzuk(n-1)]} d&(u).

n =-k(n-1)

It follows from [1] and the definition of the Jackson polynomial kernel that the characteristic
function is the form:

Eexp[irIN(/I)]=eXp[—Ca [T vy (/1)]- )

where wy(4) = l//N,l(;t) tWnN.2 (4) with

pa() = LIy (v-22) ¢[§jdv Vo) = 35 H, 0~

and

Wy, (A) = j|H V—14 | ¢( Jdv_z.[((;l))ﬂ V Tﬂ)| ¢( j

We can write
Putting v=y-2z] and using the fact that Hy is 27 -periodic, we obtain
y 2r.
g 2) d ¢;(y) = 4’5(——— Jj .
vy (4) = ZJEZJ‘ (y=22)I" ¢ (V)dy, where r Let J be an integer
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cY=27i
such that T . Using the fact that <7 and 1YI<7
Q 1
| J |< —+=<1 i=0
2w 2 and then J =Y. Consequently:

va:()= [ IH (y-22)[ ¢ (de-

©)
R P
Ell. (1) ]|= A) e,
Theorem 2.4 Let ~2<A <€ then [ v )] [V/N ( )]
Proof
As in [4], we use the following equality: for all real X and 0<p< 2,
|X|p_D J- 1- cos(xu)OI 1Re ©]l—g i
|l+p —» | u |1+p
(4)
replacing X by Iy , We obtain
(=2 [é e Ll exff'lﬂ'p A} 4,
e (5)

Using (6) and the definition of the Foa we get

El, (1) du.

L 1-exp{-C, |u|" v, (1)}
la +
Fpo[C |uf?

[V/N (ﬂ)]p/a .

3. SMOOTHING PERIODOGRAM

P

153

we get

In order to obtain a consistent estimate of [¢(}“)]a, we smooth the periodogram via spectral

windows depending on whether A isa jump point or not (74 #w) .

() if oA e{wg, Wy, e, W}
fW(A) =1 £Q)-cf® (1)
l1-c

else

() = j_”ﬂwg” (A—u)l, (u)du o NE j_’;WN@ (A—u)l, (u)du.

where
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® @ @ (y)=ME &
The spectral windows Wy Wy W7 () = MPW (M Px)
Wi = MW (M 7%

and are defined by: and

with W is an even nonnegative, continuous function , vanishing for

M@

1 Cc=

W (u)du = & @ ®
2171 such that Jww . The bandwidths M~ ) and M8 satisfying: M

i @
M,El') . My’ _

. (i) _ |imN_)w—:O . |ImN—>+oo_(1) =0
limnoMy =+ N for =12 , My and such that

1 1
@\ = @
W(MN 0) —W(MN 0) VHE:|—M—’(\P,M—’(\‘1)|:

P
We first show that (%) is an asymptotically unbiased estimator of [P for Q<A<
A e{w,W,, -, w,}
and e,

Theorem 3.1
P
Let “2<A<Q gych that 4 e{wl,wz,---,wq}. Then, E[fy(D]-[4D)]< =0(1).

-7
If ¢ satisfies the hypothesis ‘¢(x)—¢(y)‘ = CSter_ y)| "with 7 < Zk“_l, then,

1 1 i
0] — + if A=0
(n(Zka 1) M ’Ell);/ j

P
E[fy(D)]-[¢(D)]" = U
O( M &1)n(2ka_1) + M &1)7 + nzk“‘lj if A1=0

Proof

By the definition of the spectral window, we have:
E[fy()]= [MPW[MP (2-u)]E[ T, (u) |du.

MP(A-u)=v

Let and from (11), we obtain:

E[f, ()]= [ W) {WN [A—ﬁﬂ v,
y ™

'W(u)du =1

Using the fact that J—l and the inequality (4), we get:
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P 1 p
‘E[ B D]-[D]| < [ W)y | A- e Vo)
B <1
Since & , We obtain
P
V o
Wn (’1 |\/| o) j ¢(2') V/N,l [ﬂ“ |\/| D) J ¢(ﬂv) + W2 (ﬂ' _M_S)]l
Vv
Yna| A~ M D
We now examine the limit of N /. From (3) we get:
Vv Vv u
7% ﬂ——]— H (u—r[l——]} ¢(—]du.
N 1[ MS) j N Mr(\|l) T
\'
u —T[ﬂ, —Wj = y
Let N , We obtain:
v y
Wy, /1——] = Hy (Y) 41{/1— jdy
N 1( M ’g‘l) J. | | M (l)
_ (21+1)7f p v oy
- Z-[(ZJ )z N (y)| ¢{l_ M'Sll) +?de
8)

Let y-2jzr=s . Since IHy O] is 27T—periodic function, we get

2r .
l//N,l(ﬂ’_MV'EI]_)J ZI |H (S)| ¢(/1_ (1) E TﬂJJdS

jez

Since the function ¢ is uniformly continuous on [-Q.Q] and the fact that [Hyl is a kernel,

Z ¢( 27rj

the right hand side of the last equality converges to T ) Let J be an integer

_Q<M+—2ﬂ:j<g

such that T . The definition of 7 implies that | 7 I<I7%2 <7

. It is easy to
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. . 0 NI 77 @
see that |Jl<1 and then J‘O. Since Hy is a kernel, we obtain that My

W) A-—
N M,Ell)

a

\'
v z——j:
NZ[ M[Ejl) Z

i=1

converges to ¢(1) . On the other hand,

Since Wiis  different  from Aand  from the lemma 2.2, we get

v
v 2V pen] 1 W‘_T[i_M(”J
V/N,z{i——]{&r(—j nz““} —>c;, where cte =inf sin N :

cte = 2

Y, 1
W2 {’1_ MO ] = O(nZka—lj
Therefore, N

The rate of convergence: We assume that the spectral density ¢ satisfies the hypothesis H . We
_ - _ . pla
denote by F = Bias(f, (1)) [= E[fy (D] -[#(4)] |. It follows that

E[ 1, ()] -[#()]- = o(D).

. Thus, we have

dv.

Vi [z > j—W)

M

p ¢ v -
Fe—[W {WN (”“‘M_@H +[p(A)]

Yn [/1 - j
Since N/ converges to ¢M), getting the rate of the convergence for F requires to

(W, (z— - J—qﬁ(/%)

M (1)
examine the rate of convergence of N

v o) ™ . Y
R L B

dv
. Indeed, from (3), we

obtain
Vv TV
Alyy. @) =wy [/I_WJ_¢(/1) :_(y_fﬂv"'wj
Denote by N . Putting N/ and using the
A +7 /4
M al V t
|A(1//N,¢)|£C1J.w (N H, (1)] | dt
condition H , we get MN §

It is easy to show that
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1
MY

IA
N
N

/4
JWwlvr av

['wWw)ay.¢)|dv C,

C 1 ‘[ﬂ—ﬁﬂr
2 Sfwef, "

MN

“It| dtav

+

The second integral of the right hand side is bounded as follows:

v

TA— @) +7 " . .
Iﬂ_’\f—i_ﬂ. | H N (t )| |t|7 dt < J.*W'H v |-z | H N (t )| |t|}/ dt
M m{b

Hy (O f" e

T
+ J.
=T
[

e [ H O ot
9)

The function [Hy Ol is even, then the first and the last integrals in the right hand side of (9) are
TV

equal. Since My converges to zero and A <2< 7, for a large N we have:

Irﬂ|+IMT—(Vl)I+ﬂ 3 |r/1|+|M77V1|+;; .
j VO Hy (O dt < (27[)7j Vo H () dt
T
Al +—
ery  Pmp
S ' 2ka
. 4 T
sin| 7+|z |+W
From the lemma 2.1, we obtain,
O(%) if 1#0,
oAb n

LM G ()l =

1 .
O[W} if /1:0,
N

Thus, the result follows.



158 Computer Science & Information Technology (CS & IT)

A=W,

Theorem 3.2. Let 4 a real nuber belonging to ]_Q'Q[, and . Choose K such that

i) E[f\ (D]-[¢(A)]“ = o(1)

~ 7+l
_ < _ 4 L Z<gk?
i) If  satisfiies the hypothesis [e()-p(y)scstel=y " i a  then
M(l) 2k
o| 1 ~ ( sza)l if  0<y<1
R
E[fy (DI-[#(1)]*| = .
1 (MP)T
0] M(2)+ T if 1<y<2
N
Proof :
From the defintion of the estimator, we have
(2 MISJZ) (1)
”WN (/1—u)—M(1)WN (A-u) »
ELfu (=], e [y ()] du
1- Nl
MY
o T
E[f, (1)]= j M j g +[" 1 =E+E,+E,
Ma) e
—7 M@[W[MOv]-W[M v] »
A-u=v, E,=[" — [ I }[z,//N(}L—v)]adv.
i VI E =0
Put N Therefore —2

for a large N.



Computer Science & Information Technology (CS & IT) 159

M @
N
@
1- My
@
M N

. .
E, = WM (2 - )l ()]« du -

MO ;WW[Mﬁl)(ﬂ—U)][l//N (U)]gdu

@7 _1) = D2 _1) =
utMN(;t u) VinthefirstintegralandputMN(’1 u)=w,

MPA+7)>1 et MP(A+7)>1.

in the second integral and for
a large N, we have As W is null outside of [_1’1], for

large N, the second integral of E, is zero. Therefore,

1 N M7N
- 1)
M,E‘l) MN
(10)

My @ v (" @) .
£y =M [ WM -l @] du - [ WM (2 )]l ) du

1_MN M& 1_M7N +M’(\P

M MO

M&(A-u)=v MP(A-u)=w

Putting in the first integral and in the second integral, we
obtain
p . oMo :

1 M@ v a M 1 W a
E.=—— | .V W(v A——ne || dv——— W (w - W.
T M hn ’w R ﬂ MP o {‘”“ [”“ MO H ’

1
M MY

For large N we have, MP(1-7)<-1 and M{P(A-7)<-1.

»
By =—F—a I\/I EEVIZ) J (Z)W (v) |:V/N [’“’ M@ ﬂ dv.

1- (1)
(l) My
M N

(11)

It is easy to show that for a large N
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(2) j (z,w (v)dv =

u o)

M ;”
(12)

‘E[fN W]~ :‘E1+E3—[¢(z>]a < El—%[(,»w]a ¥ Es—%[qﬁ(z)]a

From (10) and (12), for a large N, we have

'U

v
E, ——[W)Ja — DWW s | A= [+ ¥, | A= o o)
1- M ( ) M N 2 My
M (1) My
P <1
As & , We obtain
P
V o
‘El __[¢(ﬂ)]a M D) .[M (2)W (V) Yn 1[ WJ _¢(j’)
1- M (1) (1) N
P
V a
M EVIZ) j (2)W W) vy 2( M (2)} dv.
N
(1)
N M ’Ell) M

On the other hand,

15

P

I (2)W (v)

¢ o)

v<jW(v)

l//N 1( M ¥ ] ¢(ﬂ’) WN 1[ (2) j ¢(/1)

Vv
(Z)J
For all 4 belonging to 1-7.7 ( My converges to ¢(’1), uniformly in
M o I (Z)W v)

Yn 1( M@ j ¢(ﬁ)
M (1) M(l)

vel-L1] Therefore, N converge to zero.
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Vv d a, 1
Wyo| AT M@ = B’ 2ka
N m=1 aN | |1 TV
sm[ (wi + mﬂ

m=i Py @~ W
since 4 =" 2 My
LG 1
' 2ka *
Bon |1 vV
sin| =| £——
2| M®
. 1 1
Nllm sup 2ka = 1 2ka
—+oye[-1,1] .
sin 1[Wi i—ﬂ(/z) —wmﬂ Sln{z(wi _Wm)jl
Foral M*=I M

Thus, for large N, we get

4 a 1 1 d a
ZBm 2ka£g+ 2ka Z m'

;vN .11 TV .11
- - sin| —(w. —w
Sm[z(Wiiij’ Wmﬂ [2(. m):l

4 a 1 (1
m; B 2ka =0 nZka—l ’

inf
me{1,2, a3}

.1 ™V
m=i SIn E \NI iW—Wm
From the lemma 2.1, we obtain N (13)
v |_ T <
SUPy 011 M2~ M@ T
On the other hand, for large N, we have N N . Consequently
a 1 _a 7
Bl 2ka — B/ 2ka *
aN | . 1 v aN | TV
Sln{2 [iM ,ilz) H M ,(f)
a 1 2ka
a
Brl ke < — il e
T TV T aN sin 1 L Ban| 7
M@ = M@ < M@ _ 20~ MISJZ) M(l)
As N N N we obtain N

The lemma 2.2 gives
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a 1 _o (MP)
B! 2ka n2kazfl
aN | |1 VvV
sin > +— vig
§ (14)
Thus, we get
p
P P 2ka \ g4
2¢ 1 vo|* 1 (Mr(ul))
Tﬁf)j""r(vz)w WM wy » (r}ti—M ,ﬂz)] dv=0 P + a1
1—W M(Nl)
N (15)
(M’Ell))ZKa
@ T @ = b
Choosing'vIN such that et converges to 0. For example My =n with
1 P
O<b<l-_—— lim E[f (D)]-[¢(A)]* =0.
& Thus, N>+

Theorem 4.2 Let —C2<A<Q gych that ¢(1) > O. Then, var[ fi (/1))] converges to zero.

1 1 1
Q) — Ac — < Cc< — Var[ fN (ﬂ))]:O(ﬁj
it M =07 ith 2k%a” 2 then n>

. A g{W,W,, -, W . .
Proof Consider the case where A W, W, q}. It is clear that the variance of fN can be

written as follows:

var[ f, (1)] = '[szhﬁl) (A-uWP (4, -u )cov[ I, (u), T, (U )] dudu’.
By using the fact that W is zero for |4 1, for large N , We get

ot A X )y _L . .
var[ f, (1)1 = Ilcov{l,{/l v ],IN[A v HW(xl)W(xi)dxldxi.

N N

2
We define two subsets of the [-1.1] by:

L={( ) el-LIF %X [> 0],

L={00 %) e[F11F5 1% -X% <oy,



Computer Science & Information Technology (CS & IT) 163

where N s a nonnegative real, converging to 0. we split the integral into an integral over the

] var[f, (1= | +leiJ1+J2.

sub region 2 and an integral over I‘1:

By Cauchy-Schwartz inequality and theorem 3.1, we obtain

3<Cl . WOQW () dxdx,.

bqg=xl<oy where C is constant. Thus, we obtain

J, =0(ay) (16)

It remains to show that Iz converges to zero. For simplicity, we define

X% Y I P I .
ﬂl_ﬂ_l\/l,(j)’ %_A_M‘l)’ C(1) cov{lN(ﬂ M,‘j’j’lN[ﬂ MS)H.

N and
We first show that C(2) converges to zero uniformly in X% e[_l’l]. Indeed, from lemma
2.3, we have
Re ( alin ) ) _ e_C“'u'a wn )
r _ r — g1 -pla ®
BN, ) =Ty () = FLlC, ™ [ M du,

Thus, the expression of the covariance becomes

C(A) = FF;fZCQZapIRZE {f[cos(uk N (ﬂk))}

du,du,
|wu, 7

—exp{—CaZi:lI U [y (ﬂk)}

2C0SXCOS Y = COS(X+ Yy)+cos(X—Y)

The following equality : , implies that

a

E| [T, (cosul (2) ] :%exp C, [|@)* X uHy (2, ~v)| d ,u(v)}

+%exp -, | (r)olrzi:1(—1)k+luk H, (¢4, — V)

d,u(v)}.

C(A)

By substituting the expression for and changing the variable Y to (-u;) in the second

term, we obtain
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2 l
C=FiC,« [ e —e )
pete IR luu, [P (17)

dg(v)

and

K=C,]|, () X M (e~ )

where

K =C,e lu [ [ [Hy (7 —v)| EW)av

K _gK

Since K’K'>O, ‘e s‘K—K‘exp{]K—K‘—K}, we obtain:

‘K_K"gzcaﬂulg Qu(4:4,),

where

QulkiZ) = [ [ Hy (e —20) oI Hy, (22, —20) |° dE()

Now, let us show that Qu (4 4,) converges to zero. Indeed, since ¢ is bounded on [_Q’Q],

we have

Qu (i) sup(@)[ | Hoy (e — ) Hy (e, ) 2 cl

+ici |HN (Tﬂl —TWi)HN (z'/i2 _z-Wi)|%
- (18)

From the definition of Hy , We can write

Q o 0 1 inl —=(z4 —7v “ sin n A —1V “
i e S_B“i )| foin] 520
Lol (oM o) v = 570 sin| 2 =) | fin| 3 (e1, o) )

a) First step:
We show that the denominators of the first and second terms under the last integral do not vanish

for the same V, so we suppose thatV exists, belonging to [~ Q] and &7 e’ such as:

A —tv=2zr and TﬂZ—TVZZZﬂ'. Since ﬂiziz then Z and Z' are different.

. 1
-1 = (4-7) 2=z g El im0

Therefore, Hence,

-l
consequently, for a large N we get: 2

Thus, we obtain a contradiction with the fact that Z and z are different integers.
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b) Second step

We assume there exist 9 points, ViV Vg e[FQ. 0T g oy o

i=1,2 V. €277 A%z '
for 1704 d -tV e2r then W W . and we assume that there exist 9

VRV e¥e %
points 4

=19 . 2-1eZ
such that for '=>4 >4 w w . Showing that,
1< A-Q <0

|VJ+ZQ, IVIFQ g 1< ag 15120 jngeed, w and
0<22 A=92.7 A0y

w because W>2C2 Hence W and W . For alarge N, we get

[u} <£_9<1+[@}
that Wil W W W de  where [ ]E is the integer part of X. Hence,
ﬂl_ggz ﬂ1+9$2
wow . In the same manner, we show that W W . Similarly, it can be shown that
@+Q$Z

w

. Thus, Vi Q and Vi LZQ.

¢) Third step

Vv V. —Q<Vj1<Vj2<---<Vj <Q
We classify ) and "7 by increasing order:

4+ , and we write the
integral in the following manner:

ka ka

sin [g(rﬂl - rv)}

sin [2(1/12 - rv)}

I\

(Hq' q+q -1
1 1 dv=|l+;|2,i+ ;|3,i+|4
sin E(rﬂl—rv) sin E(rﬂq—rlv)
where




166 Computer Science & Information Technology (CS & IT)

! _Ivjl_(;(N) sin{n(rﬂl—rv)} ’ sinB(r;t _TV)}

_Ql

ke

dv

sm sin r/l —rv)}

ka

sin —17V)

e
e [ o sm[ 4o
RIS = prowe e

Vi ~8(N)
' sin rﬂl V)

‘dv

ke

— ke

J‘ — Sin_E(rﬂl—rv)_ Sin[g(rﬂz —rv)} N
3i e r B

Y sin ;(Tﬂl—rV) Sin[;(fﬂq_fv):H

_ ke »
. [n . [n

| —IQ smj(rﬂi—rv)_ sm[z(r/lz—rv)} N
a= ), r T

VJq+q' S(N) sin ;(T%—TV) Sinl:;(flﬂz —TV):H

S(N)

where is a nonnegative real number converging to zero and satisfying:

—Q<Vj1—5(N)<le+5(N)<Vj2—5(N)<Vj2+5(N)< ----- <V;  -o(N)<V;  +6(N)<Q,
ﬂl—zz‘_
2

a+q g+q

Oo(N) <
and

First, we show that the first integral converges to zero. We know that for a large N , We have

. A -1V, =2k
A< Q. For simplicity without loss of generality, we assume that for all !, A b '
o keZ . . . -V, =2kzr
with i . Similarly, we can show the result if we rather assume that i with
V. —o6(N
ki EZ.Since there is no V between —€2 and % (N) on which the denominators are
vanishing,
Vj —o(N)+Q 1
IlS 5 lil ka Q ka ka
inf | |sin ~ (N)| ,[sin 74+ Q)| infl lsi sin
2 | 2| |
By substituting for % in the last inequality, we obtain
ka
sin J12 sinru’z_ﬂl;é(l\l)||
. For a large N , we have
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tlA =4+ wN) _  w(N)
2 2 2 On the other hand, two cases are possible:

LA AP0 o ave A=A+ S(N) = 4, — & +8(N) > 5(N)

2. -4 <0, since |4, =4 |>25(N) , we have
| 4= A4 +6(N)|= 4, -4, -6(N)>S5(N)
o (N) < |, =4 +5(N)| <7[_z'5(N)

Therefore, 2 2 2 For a large N , we have
O(N) <27 -7(4+Q) and O(N)<27—7(4, +Q) Then

r5(N)<r(ﬂl+Q)<ﬁ_r5(N) r5(N)<T(ZQ+Q)<7Z_T5(N).
2 2 2 and 2 2 2 Consequently,
V, —6(N)+Q
< 1
- 2ka *
sin 7(N)
2

. I . R . . ka
For the integral "2 , we bound the first fraction under integral by N :

|2i < kaJ-vJ.i+5(N) 1 : dv
’ Vit T ¢
sm{z(rﬁ2 —rv)} o v, _ _
. By substituting for % in the last inequality and
2k
V=u———
putting T we get
ke [A+o(N) 1
|2,i - ﬂl—S(N) 1 ka du
sin[(rﬂz—ru)} <5(N
2 . Since | A4 —ul< o ), it is easy to note that :
|4~ 4|

ARl = |- 2y U Pl 2, = 4] -5(N) > 22
5(N)<3[7r—5|@—m]
T 2

Since 5(N) converges to zero, for a large N we have , therefore

o< el Vbl 1A =4 ]+0(N) _
4 2 2

Consequently:
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| < 25(N)n*
2i = _ _ ’
im{smm I 17 o LA %Ir+5(N)r}
4 2
X —_
Iﬂq—ﬂll=2,v|—x1 314, A< 2n.
where N 1. Then, for a large N, we have 2 Therefore,
N =2 2l d=Al+5(N) A=Al
4 2 4 Thus, we bound the integral as follows:
| 25(N)n**
2, — ka
Gin 712 =A4 )
4
Since there is no V between ‘i and i+ on which the denominators are

vanishing, we get:

V., -V, —25(N)
< +1 i

Ji

I, < ,
8 AxB

where
Tﬂl—TVj,—Té'(N)ka Tﬂj—TVj_ +T5(N)ka
A = inf|[sin ! ,Isin i+l
2 |
] v, (N[ | oA, + (N[
B = inf||sin '2 ,Isin '*21

It follows from the hypothesis on 5(N) that

wo(N) <rlﬂl—ﬂql_rlﬁ(N)l<flﬂi—/lz—é(N)I<r|ﬂi—lzl+r|5(N)I<ﬂ_r5(N)
2 2 2 2 2 2 2

V.
Thus, by using the definition of % , we obtain
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1 1
ke < ke *
A=V, —w6(N) . 70(N)
sin '2 Sin—,—

We use the same way for bounding the other terms
V. ) -V, —26(N)
< +. 1

e 5(N)

2ka
sin

. : : Vv, +6(N)
and we get : Similarly, since there is no V between "*d

and €2 which the denominators are vanishing, we can show that:

V, -V, —25(N)
< +1 i

Ji
4 S

ExF "where
ok | -V, —w(N)[“
E = inf|[sin 7~ %2 , Isin Jq*zq ‘
_ Ol A, — 1V, ,—2'5(N)ka
F = inf||sin y — 12 , Isin farg
2 2 ‘
2 T
sy <2714~
Since 5(N) converges to zero, for a large N , We have T 2 , and
Q-V, —&(N)
2 I4 - - 2ka
§(N)<—[7r—%|ﬂl—/12|j sin O (N)
T . It follows that:

We recapitulate, from the
previous increases, we obtain

ke

sin [2(7/11 — rv)} ’ sin B(rﬂz — rv)}

SQ+le—§(N) LY 2nkS(N)

Q
I )

sinB(rﬂi—rv)}‘ sin[;(rﬂ?—rv)ﬂ sin P(N) i Sinrlﬂq4—ﬂ1|
0|+q’flei+1 _Vji -o(N) Q_qu+q’ —-o0(N)
=) 2 sin P(N) 2

After simplification, we have
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sin {n(rﬂl —rv)} sin {n(rﬂz —rv)}
J‘Q 2 2

-0 Sin[;(rﬂl—rv)} sin[;(r@—rv)”

ke ko

20-2(q+9 +1)5(N) 2n*“S(N)(q+9")

2ka ka *
Sinw SinM
2 4

By bounding the first term on the right hand side of the last inequality and using the following

Il
T

. X
Sin—

inequality , We get

ke

. [n “I Tn
sm[z(rﬂl—rv)} sm{z(rﬂ2 —rv)} 202k X 204 5(N)(q+q')(2)" |

Sin[;(zﬂl—rv)” SinB(T%—rv)” dVS(Té(N))zka [TIXZ—XlIJka

MN

I

It follows from the lemma 2.1

ke ke

sin{g(rﬂl—rv)} sin[g(rﬂ?—rv)}
sin[;(rﬂi—rv)}‘ sinB(rﬂQ—rv)H

dv <

1 Q
B;,N J:Q

1 (ij 207 25(N)(@+9)@n)“ |
T n

2 2ka—1(z_6(N))2ka nkail [TO_N]ka

My 19)

In order to obtain the convergence of the last expression to zero, we choose
-
S(N)=n"", ﬂ>0,suchas

n2kaﬁ 1
|imm:0 and lim =0.
nN—oo n

n—oo ke
nﬁ+ka—1 (O_Nj
M N

Thus, from (18) Qu converges to zero. On the other hand,

(20)

2p . du,du
" : k! alk-K-k YU UL, -
CA<FIC [ [ IK-KIeT s,

K=K K< =C, 31U [y (A0)=7Qu (A )]

where
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We denote by : Oy =¥ (%')_TQN (/11;22). It follows from (18) and (20) that Ok
converges to #(1) Hence,

2b du,.

_ 2 o0
C(A) < F,iC, = 20C,Qu (i A [, exp[-C, ) 1610 | ]
k'=1

+p
Ue) 2
1
: Ue (O )% =V, :
Putting  * ( Nk ) we obtain
2

C(z)sF-Zc’%zrca Qu (i) Y

pa~a o a
1+p—
P 2

ip
[5(N,1)5(N,2)]2 “ |V

(20)

Since #(1)> 0, C(4) converges uniformly in %, % €[-1,1] to zero. From (20), we obtain

1 1

2ka(1-p)-1 +
n o
nﬂ+ka—l (N

Jka
My Thus, var[fy (4)] converges to zero and then, fy(4)
is an asymptotically unbiased and consistent estimator.

J,=0

4. CONCLUSIONS

In this paper, we estimate the spectral density of mixed stable process with continuous time when
the process is observed at discrete instants. The aliasing phenomenon is avoided by assuming that
the spectral is a compact support. This work can be applied in various fields. For example:

- The study of soil cracking where the observed signal is the resistance of the soil. This resistance
can have random jumps that are due to the presence of some stones. Thus, the spectral
measurement will be composed of two parts, one continuous and the other discrete corresponding
to the resistance jumps encountered during the measurement.

- The growth of fruit on a tree can be considered as a continuous distribution, and when there is a
fall of a fruit, the other fruits remaining on the tree absorb more energy and their growth will
have a jump in value.

The perspective of this work is to optimize the smoothing parameters to have a better rate of
convergence. For this purpose, the cross-validation method will be the most appropriate tool.

This work can also be completed by considering a more general case when we observe the
process with random errors. In this case, we will use the deconvolution methods, which have
proved their efficiency in the presence of random errors.
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It would be interesting to give an estimator of the mode of the spectral density representing the
frequency where the spectral density reaches the maximum of energy. For that, we must estimate
the derivative of the spectral density function.
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