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ABSTRACT

The Mathematical modeling of infectious disease is currently a major research topic in the
public health domain. In some cases the infected individuals may not be infectious at the time of
infection. To become infectious, the infected individuals take some times which is known as
latent period or delay. Here the two SIR models are taken into consideration for present
analysis where the newly entered individuals have been vaccinated with a specific rate. The
analysis of these models show that if vaccination is administered to the newly entering
individuals then the system will be asymptotically stable in both cases i.e. with delay and
without delay.
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1. INTRODUCTION

The use of Mathematical model for different epidemic studies is done by different authors. The
non-linear incidence rate of saturated mass action is used by Liu et al [6], Ruan and Wang [2].
The easy way to control the disease is the vaccination of the infected or susceptible in different
stages. The SIS model with vaccination, standard incidence with no disease induced death was
investigated by Kribs-Zeleta and Velasco-Hernodez [5]. SIRS model with vaccination, standard
incidence and no disease induced death was investigated by Arino et al [3]. Different vaccination
models with standard incidence rate and considering disease induced death was investigated by
different authors (Braur [4], Hui and Zhu [8], Li et al [7]). Those models were studied taking
vaccination to the susceptible individuals and without considering the delay of the infected
individuals. Vaccination to the newly appointed individuals and considering the delay of the
infected individuals was studied by different authors. Kaddar [1] investigated the stability of
delayed SIR epidemic model considering saturated incidence rate. Cai and Li [10] investigated
SEIV epidemic model with nonlinear incidence rate and they concluded that the necessary and
important aspect for public health-management is to control an epidemic by increasing the
duration of loss of immunity induced by vaccination. Here the model is considered to investigate
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the epidemic model in presence of vaccination to the newly entering individuals and considering
the delay () for the infected individuals to become infectious and the case t=0 is also discussed,
the similar problem without-delay is also discussed by Mena-Lorca and Hethcote [9] without
considering the vaccination processes.

2. MATHEMATICAL FORMULATION

Let S(t) be the number of susceptible and I(t) be the number of infected and R(t) be the number of
recovered individual such that N(t)=S(t)+I(t)+R(t). Since the spreading of disease can be
controlled by the vaccination to the individuals. Here the SIR model is considered in presence of
vaccination to the new entrants (i.e. at the time of birth or at the time of immigration). Let b be
the number of newly appointed population and p be the percentage of population with vaccination
for the newly entering population then (1-p)b is the unvaccinated but susceptible individuals.
Then the differential equation of the model (Model-I) will be

2—f=b(1—p)—ﬂlS—dS+7R

T pis—sp—ai e %)
dt

s+ pR

dt

Where d is the death rate and y be the recovery rate. But in some disease the infected individuals
are not infectious at the time of infection. Let T be the latent period or period of incubation of the
infection and assume that the susceptible individuals infected at time t-t and become infectious at
time t. Then the differential equation of the model considering delay (Model-II) will be

i—f:b(l—p)—ﬁlS—dS + R

dl —drt

E:e Pl(t—1)S(t—-7)—Y —dl puue.. ... (2)
d_Rzyl—(d+7/)R

dt

2.2 Stability analysis of Model-I

dS dR di
For Model-1, the equilibrium can be found by setting— =—=—=0, with points
dt dt dt
y+d
A;0(So.Ro.Ip) and Ay1(S1,11,R;) where Ry=0, 1p=0, S, =——,
=R DAYy o 7 BB S, =b1d,b =b(1-p). Ay is

= Ry, =
d+2y y+d dd+7y)
disease free equilibrium point, A;; is other equilibrium point, A;; will exists when
b,f—d(d+y)>0 , therefore the disease free equilibrium point exists for all Ry, and the
endemic equilibrium point will exists when Ry >1.

The corresponding Jacobian for (1) is
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—(d+pD -pBS /4
J= B BS —(d+7) 0
0 4 —(d+y)

The eigen values of the Jacobean for the disease free equilibrium point Ay (d;/b,0,0)
are A =—d,—(y+d)and S, —(y+d). Since two of the three eigen values are always

negative and other will be negative if Ry;<1 and the solution in the neighborhood of disease
free equilibrium will be asymptotically stable. If Ry;>1 the one of the root will be positive
and the equilibrium point will be saddle point and the corresponding solution will be unstable
in nature. Therefore, the disease free equilibrium point will be locally asymptotically stable
for Rg;<1.To cheek the global stability by considering for Ry;<1.

Again summing up the equations in (1) we get

N an
dt

b b
or, N="24+Ce™ > Last >
d d

Where c¢ is constant.
b
Therefore, the region D={(S,I,R): S+I+R§;1 }is positively in variant set for (1).

Considering the Liapunov function L=I

AL _dl _ (g5 —(y+ani

dt dt
S(BS, —(y+d)l
=(d+ (R, —DI <0 forR, <1

dl
Then 7 =0 only when I=0, therefore the only positively invariant subset of the plane I=0
t

is the point Ajo. Thus it follows from the Lasalle-Liapunov theory (Hale [12] Ma and Li [11])
the disease free equilibrium point is globally stable.

Characteristic equation for the endemic equilibrium point (S, I;, R;) is

_(d+ﬁ11)_/1 _1631 Y
Al BS,—(d+7)- A 0 [=0
0 y —d+y) -1

Simplifying the above
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A +CA +CA+Cy =0, 3)
Where C, =2d +y+ I,
C, =(y+d{d+241)}
C, = fBI,(d* +2dy)
C.C,—C, =d(y+d)(y+2d)+ BLRAIL (y+d)+4d> +5dy+2)°}

Since all the coefficients will be positive only when Ry;>1, then C,C, — C; > 0. Therefore, all

roots of the equation (3) have negative real part (Routh-Horwtz criteria).
2.3 Stability analysis for Model-1I

With equilibrium points (S¢,Ro,lp)=(b;/d,0,0) which is disease free equilibrium point and

(S, 1,,R)) is the endemic equilibrium point. Where
Sy o« _bd+y(R,—1 . S, (d +

Sl — _O’Il - l( > 7)( 0 ) and IQ1 = 7/ 11 and R2 = —ﬂ 0(2 7) and this
I, 7R0(R2_1) y+d 7R,

equilibrium point exists when R,>1 and Ry>1.

Linearzing the system (II) about the point (S(,0,0), by setting S=S'+S, I=I' and R=R’, rewriting
the equations omitting the dot-sign we get

ds

= pIS, ~dS + R

dl -dt

= DS (=D = (D (3)
R i —d+pr

dt

The characteristic roots of the corresponding linearzing system are A = —d,— (d + ¥) and other

root satisfies the equation 4= e "7 —(d + ) .coevevereeeeeeeeeeeeeeeeeen. ).
Since the two roots are negative and the third root satisfies the transcendental equation (4).

For 7 =0the above roots all becomes negative, therefore, all the roots of the characteristics
equation have negative real part, therefore, the system will be asymptotically stable in the
neighborhood of the disease free equilibrium point for 7 =0, By Rouche’s theorem it follows
that if the instability occurs for a particular value of 7, a characteristic root of the equation (4)
must intersect the imaginary axis. Suppose (4) has a purely imaginary root i@, ® > 0 then from

(4) the following relation will be obtained

iw= Pe "S,(Cos Aw—iSindw) — (y+d).

Comparing real and imaginary parts in both sides we get
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®= Pe""S,Cos Aw
y+d = e S, SinAw

Squaring and adding the above two we get

@’ +(y+d)’ = S’
o =(y+d){R> -1}

Since Ry<1, the equation (5) has no positive root. Therefore, the disease free equilibrium (S, 0,
0) is locally asymptotically stable. If Ro>1, then the disease free equilibrium (Sy, 0, 0) is unstable
for 1 =0. By Kuang theorem the equilibrium point (Sy, 0, 0) is unstable for all T >0.

Again linearzing the system (IT) about the point (S ; v ; ,Rl* ) put
S=8"+ Sf, I=I"+ If,R =R+ Rl*, rewriting the equations omitting the dot-sign we get

ds

= PIS @+ BIDS R
%=e“”ﬁ{l(t—r)5f FLSE=D)}=(r+ )
IR i@+ pR

dt

Then the characteristics equation becomes

B+ AR +BA+C+e O L 2B + ABS] 2d +9)—(dd+7) + BV =0 6)

where A=3d +2y+ fl,
B=(d+y)3d+y+28l)
C=d+p)’d+/,)

For 1 =0 equation (6) becomes

A+C L +CoA+Cy =0, )
WhereC, =2d+y+fl;, C,=(d+p)Bd+y+28)+QRd+p)fS,, C,=Qdy+d>)Al,)
C,C,~C,=Qd+Pld+ 1AL, +3d+7)+2d + 95, }
+2Ad+ P 20 (4d> +5)d +277)

and then values of C;, C,, C; and C,.C,-C; all positive and therefore by Routh-Harwtz criteria the
roots of equation (7) have all negative real part. Therefore for 1=0 the system is asymptotically
stable. Arguing as previous for the disease free equilibrium point and Rouche’s theorem the
purely imaginary root of the equation (6) can be taken as i@, > 0 , then separating real and

imaginary part in equation (6) after putting 4 = i@, > 0
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—(pw’ —r)Coswr + qaSinwr = C — Aw’
qwCoswrt + (p@* —r)Sinwr = Bo— o’
Where p=d+7y,q=(d+y)\2d+y)r=d(d+y) + B

Squaring and adding the above we get

(p@* —r) +q¢*w* =(C-Aw*)* +(Bo-a’)*

@° +w'(A° - p> —2B)+ @ (B> —2AC+2pr—q*)+C> =1 =0.eoveveeeeereeee 8)
A*—p?=2B= %17 +2dfI +2d* +2dy+y’ >0

B> —2AC+2pr—q> =2B°I” +4dBI’ +5d° +2dy}>0

C* = > 241 (d+yP{d+ 7P -y B21 a7 -7} 0

The above equation is a cubic in @? having all positive coefficient and therefore no root of the
equation (8) is positive for Ro>1 and consequently by Kuang theorem, the endemic equilibrium
point is asymptotically stable for t >0. Therefore, both the Model-I and Model-II are
asymptotically stable.

2.4 Numerical simulation

The numerical computation is done considering b=0.88, p=0.8, f=0.15, d=0.03, y=0.01, 1=0 then
the diseases free equilibrium point is (5.866, 0, 0) and the endemic equilibrium point is (0.267,
4.439, 1.110) and for 1=5 the endemic equilibrium point is (0.310, 3.791, 0.948) and Ry=22,
R(=18.94, R,=18.59. The graph of S and I are analyzed with considering the endemic equilibrium
points.

B
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Fig-1: The graph of S-t, I-t and S-I for t=0.
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Fig-II: The graph of S-t, I-t and S-I for t#0

From Figure-I and Figure-II it is clear that S and I both become asymptotically stable
after long time and both cases after some time S vanishes and becomes fixed after a long
time.

3. DISCUSSION

From the above discussion it is clear that this SIR model in presence of vaccination to the
newly entering individuals will be always stable. In delay (i.e. T #0) considering the case
the susceptible will decrease slowly compare to when t =0. For t =0 two conditions
obtained for existence of endemic equilibrium points which are Ry;>1,and for T #0 other
two conditions are obtained which are Rp>1 and R,>1. It is clear from theoretical point
and numerical simulation that the disease may be easily controlled in presence of
vaccination to the newly entering individuals. Another important result is clear from the
simulation that from t=0 to t=t, the total entry of susceptible (recovery and new entry ) is
less than the total new infection and t=t; to t; the two numbers are same and after t> t; the
first becomes greater compare to the second and ultimately it becomes asymptotic in
nature.
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